In this article we introduce and study some spaces of I-convergent sequences of interval numbers with the help of a sequence F = (f k ) of moduli, a bounded sequence p = (p k ) of positive real numbers and a lacunary sequence θ = {k r } of increasing integers. We study some topological and algebraic properties and some inclusion relations on these spaces.
Introduction and Preliminaries
Let N, R and C be the sets of all natural, real and complex numbers, respectively.
Let ∞ , c and c 0 be denote the Banach spaces of bounded, convergent and null sequences, respectively with norm
We denote ω = {x = (x k ) : x k ∈ RorC}, the space of all real or complex sequences.
It is an admitted fact that the real and complex numbers are playing a vital role in the world of mathematics. Many mathematical structures have been constructed with the help of these numbers. In recent years, since 1965 fuzzy numbers and interval numbers also managed their place in the world of mathematics and credited into account some alike structures . Interval arithmetic was first suggested by P.S.Dwyer [12] in 1951. Further development of interval arithmetic as a formal system and evidence of its value as a computational device was provided by R.E.Moore [22] in 1959 and Moore and Yang [23] and others and have developed applications to differential equations.
Recently, Chiao [11] introduced sequences of interval numbers and defined usual convergence of sequences of interval numbers. Şengönül and Eryılmaz [34] introduced and studied bounded and convergent sequence spaces of interval numbers and showed that these spaces are complete.
A set (closed interval) of real numbers x such that a ≤ x ≤ b is called an interval number [11] . A real interval can also be considered as a set. Thus, we can investigate some properties of interval numbers for instance, arithmetic properties or analysis properties. Let us denote the set of all real valued closed intervals by IR. Any element of IR is called a closed interval and it is denoted byĀ = [x l , x r ]. IR is a quasilinear space under the algebraic operations and a partial order relation for IR found in [34] and any subspace of IR is called quasilinear subspace (see [34] ). Further research on interval numbers was carried out by Esi and Braha [6] , Esi and Hazarika [8] , Esi [1] [2] [3] [4] [5] [6] [7] [8] [9] and the references therein.
The set of all interval numbers IR is a complete metric space defined by d(Ā 1 ,Ā 2 ) = max{| x 1 l − x 2 l |, | x 1 r − x 2 r |}, (see [23, 34] ). (1.1) where x l andx r be first and last points ofĀ, respectively.
In a special case,
, we obtain the usual metric of R with
The function f is called sequence of interval numbers, whereĀ k is the k th term of the sequence (Ā k ).
Let us denote the set of sequences of interval numbers with real terms by
The algebraic properties of ω( ¹ A) can be found in [11, 34] .
The following definitions were given by Şengönül and Eryılmaz in [34] . [34] ).
If we takeB k = 0 in (3) then, the metric b d reduces to
In this paper, we assume that a norm ||Ā k || of the sequence of interval numbers (Ā k ) is the distance from (Ā k ) to 0 and satisfies the following properties:
, where λ( ¹ A) is a subset of ω( ¹ A).
. Then, in the light of above discussion, the classes C( ¹ A), C • ( ¹ A) and ∞ ( ¹ A) of sequences of interval numbers are normed interval spaces normed by [34] ). As a generalisation of usual convergence for the sequences of real or complex numbers, the concept of statistical convergent was first introduced by Fast [13] and also independently by Buck [10] and Schoenberg [33] . Later on, it was further investigated from a sequence space point of view and linked with the Summability Theory by Fridy [15] ,Šalát [30] , Tripathy [35] and many others. The statistical convergence has been extended to interval numbers by Esi and others as follows in [1] [2] [3] [4] [5] [6] [7] [8] [9] . Let us suppose that
Then, the sequence ¹ A = (Ā k ) is said to be statistically convergent to an interval numberĀ 0 , where vertical lines denote the cardinality of the enclosed set. That is, if δ(A( )) = 0, where
The notion of ideal convergence (I-convergence) was introduced and studied by Kostyrko, Mačaj, Salǎt and Wilczyński [20, 21] . Later on, it was studied byŠalát, Tripathy and Ziman [31, 32] [25] and many others. Definition 1.1. Let N be the set of natural numbers. Then, a family of sets I ⊆ 2 N (power set of N) is said to be an ideal, if (i) I is additive. That is, ∀A, B ∈ I ⇒ A ∪ B ∈ I, (ii) I is hereditary. That is ∀A ∈ IandB ⊆ A ⇒ B ∈ I. A non-empty family of sets £(I) ⊆ 2 N is said to be filter on N, if and only
Let us suppose that I be an ideal. Then, a sequence
In this case, we write
is said to be I-null. In this case, we write I − limĀ k =Ō.
(ii) is said to be I-Cauchy, if for every > 0, there exists a number m = m( ) such that {k ∈ N :kĀ k −Ā m k≥ } ∈ I.
(iii) is said to be I-bounded, if there exists some M > 0 such that
We know that for each ideal I, there is a filter £(I) corresponding to I. That is,
A canonical preimage of a step space µ
is said to be monotone, if it contains the canonical preimages of its step space. 
The idea of modulus function was introduced by Nakano in 1953, (See [26] , Nakano, 1953 ). Ruckle [27] [28] [29] used the idea of a modulus function f to construct the sequence space
After then, E.Kolk [18] [19] gave an extension of X(f ) by considering a sequence of modulii F = (f k ) and defined the sequence space
Mursaleen and Noman [24] introduced the notion of λ-convergent and λ-bounded sequences. We extended this concept to the sequence of interval numbers as follows. Let λ = (λ k ) ∞ k=1 be a strictly increasing sequence of positive real numbers tending to infinity. That is,
Here and in the sequel, we shall use the convention that any term with a negative subscript is equal to naught. For example,
It can be seen that if lim mĀ m =Ā in the ordinary sense of convergence of interval numbers, then
Let us denote the classes of I-convergent, I-null, bounded I-convergent and bounded I-null sequences of interval numbers with
, respectively. By a lacunary sequence we mean an increasing integer sequence θ = {k r } such that k 0 = 0 and h r := k r − k r−1 → ∞ as r → ∞. Throughout this paper the intervals determined by θ will be denoted by I r := (k r−1 , k r ) and the ratio k r k r−1 will be abbreviated by q r The space of lacunary strongly convergent sequence N θ was defined by Freedman etal [14] as:
where D = max(1, 2 H−1 ).
For any modulus function f , we have the inequalities
Now, we give some important Lemmas. Lemma.1.7. Every solid space is monotone.
Let us give a most important definitions for this paper. Definition 1.10 (see [37] ). LetX be a quasilinear space of interval numbers. A function g :X −→ R is called paranorm onX, if for all A, B ∈X,
. In this article, we introduce and study the following classes of sequences;
(1.14)
We also denote
and
, where p = (p k ) is a bounded sequence of positive real numbers, F = (f k ) is a sequence of modulus functions, θ = {k r } is a lacunary sequence and
is a bounded sequence of interval numbers.
Main Results
Theorem 2.1. Let F = (f k ) be a sequence of modulus functions and p = (p k ) be the bounded sequence of positive real numbers.Then, the sets
are quasilinear spaces over the field of real numbers.
Proof. We shall prove the result for the space C I ( ¹ A, θ, Λ, F, p). Rests will follow similarly. For, let ¹ A = (Ā k ), ¹ B = (B k ) ∈ C I ( ¹ A, θ, Λ, F, p) and α, β be scalars. Then, there exist positive integers M α and N β such that | α |≤ M α and | β |≤ N β . Now, since ¹ A = (Ā k ), ¹ B = (B k ) ∈ C I ( ¹ A, θ, Λ, F, p), then, there exists A,B ∈ IR such that the sets
Since, each f k , k ∈ N is modulus function, we have,
The above inequality further implies that
The result follows from the above inclusion and the definition of quasilinear space.
Theorem 2.2. Let F = (f k ) be a sequence of modulus functions and p = (p k ) be the bounded sequence of positive real numbers. Then, the classes of
M ≤ 1 and M > 1, using Minkowski's inequality, we have
.
Note that g(λ ¹ A) ≤ max{1, | λ |}g( ¹ A). Then, since the inequality
holds by subadditivity of g, the sequence {g(Ā k )} is bounded. Therefore,
. That is to say that scalar multiplication is continuous.
Hence
We need to show that
For > 0, we have
n , where
Then, B c ∈ I. We choose k 0 ∈ B c . Then, for each n, q ≥ k 0 , we have n r ∈ N :
Then, (Ā n ) is a Cauchy sequence of interval numbers, so there exists some interval numberĀ 0 such thatĀ n →Ā 0 as n → ∞.
(2) Let 0 < δ < 1 be given. Then, we show that, if
The number q 0 can be chosen that together with (20), we have
Since {r ∈ N :
have a subset S of N such that S c ∈ I, where
Therefore, for each k ∈ U c , we have {r ∈ N :
Then, the result follows from (21) . Proof. We shall prove the result for
and (α k ) be a sequence of scalars with | α k |≤ 1, for all k ∈ N.
which further implies that
is solid and hence by lemma (1.7), it is monotone. Theorem 2.6. Let F = (f k ) and G = (g k ) be two sequences of modulus functions and for each k ∈ N, (f k ) and (g k ) satisfying ∆ 2 − Condition and p = (p k ) ∈ ∞ be a bounded sequence of positive real numbers. Then,
Let > 0 and choose δ with 0 < δ < 1 such that f k (t) < , 0 ≤ t ≤ δ. Let us denoteB
Now, since f k for each k ∈ N is an modulus function, we have
Now, since each f k is non-decreasing and modulus, it follows that
Again, since each f k , k ∈ N satisfies ∆ 2 − Condition, we have
(2.10) Therefore, from (23), (24) and (25), we have
Therefore, from (26) and (27), we have Proof. Let ¹ A = (Ā k ) ∈ C I ( ¹ A, θ, Λ, G, p) be any element. Then, there exists some interval numberĀ such that the set n r ∈ N : 1 h r
Since, each f k is modulus function for all k ∈ N, we have
Taking supremum over r on both sides, we get ¹ A = (Ā k ) ∈ I ∞ ( ¹ A, θ, Λ, F, p). The inclusion C I 0 ( ¹ A, θ, Λ, F, p) ⊂ C I ( ¹ A, θ, Λ, F, p) is obvious.
Hence C I 0 ( ¹ A, θ, Λ, F, p) ⊂ C I ( ¹ A, θ, Λ, F, p) ⊂ I ∞ ( ¹ A, θ, Λ, F, p).
Theorem 2.9. The spaces C I 0 ( ¹ A, θ, Λ, F, p) and C I ( ¹ A, θ, Λ, F, p) are sequence algebra.
Proof. Let ¹ A = (Ā k ), ¹ B = (B k ) ∈ C I 0 ( ¹ A, θ, Λ, F, p). Then, the sets
Therefore, from (28) and (29), we have
Thus, ¹ A. ¹ B ∈ C I 0 ( ¹ A, θ, Λ, F, p). Hence, C I 0 ( ¹ A, θ, Λ, F, p) is a sequence algebra. Similarly, we can prove that C I ( ¹ A, θ, Λ, F, p) is a sequence algebra.
